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$\mathcal{D}$ $\mathbb{R}^{2k}$ $H:\mathcal{D}arrow \mathbb{R}$




$m_{1},$ $\ldots,$ $m_{n},$ $q_{1},$ $\ldots,$ $q_{n},p_{1},$ $\ldots,p_{n}$
$U(q_{1}, \ldots, q_{n})$
$m_{k} \frac{d^{2}q_{k}}{dt^{2}}=-\frac{\partial U}{\partial q_{k}} (k=1, \ldots, n)$
$H= \sum_{k=1}^{n}\frac{1}{2m_{k}}p_{k}^{2}+U(q_{1}, \ldots, q_{n})$
Hamiltonian
$2n$ $M$
$tMJM=J, J=(\begin{array}{ll}0 E_{n}-E_{n} 0\end{array})$











$\frac{d\eta_{k}}{dt}=\frac{\partial H}{\partial\xi_{k}}, \frac{d\xi_{k}}{dt}=-\frac{\partial H}{\partial\eta_{k}} (k=1, \ldots, n)$
Hamilton
$\mathbb{R}^{2n}$ $F,$ $G$
$\{F, G\}=\sum_{k=1}^{n}(\frac{\partial F}{\partial p_{k}}\frac{\partial G}{\partial q_{k}}-\frac{\partial F}{\partial q_{k}}\frac{\partial G}{\partial p_{k}})$
Hamilton $\mathbb{R}^{2n}$ $F$ $F$
$\{H, F\}=0$ $F$
$n$ Hamilton $n$ $F_{1},$ $\ldots,$ $F_{n}$ $dF_{1},$ $\ldots,$ $dF_{n}$
$\{F_{i}, F_{j}\}=0(i,j=1, \ldots, n)$ Hamilton
1 (Liouville-Arnold). Hamdton $F_{1},$ $\ldots,$ $F_{n}(=H)$
$c_{i}\in \mathbb{R}(i=1, \ldots, n)$ in${}_{=1}F^{-1}(c_{i})$
$dF_{1},$
$\ldots,$
$dF_{n}$ $ _{}i=1^{n}F^{-1}(c_{i})$ $N$
$(\begin{array}{l}I\theta\end{array})\in U(\subset \mathbb{R}^{n})\cross \mathbb{T}^{n}\mapsto(\begin{array}{l}Pq\end{array})\in N$
2
$(\theta I)$ $H$ $I$
[2, 11, 7] $(\begin{array}{l}I\theta\end{array})$
$\frac{d\theta_{i}}{dt}=\frac{\partial H}{\partial I_{i}}, \frac{dI_{i}}{dt}=-\frac{\partial H}{\partial\theta_{i}}=0$










$\blacksquare$ Poincar\’e Bruns Poincar\’e [26]
Poincar\’e [22, 26, 28, 42] 2
[14] $H_{\mu}(I, \theta)$ $\mu\in \mathbb{R}(3$
) Hamilton $\mu=0$ $\mu$ $H_{\mu}$
$H_{\mu}(I, \theta)=H_{0}(I)+\mu H_{1}(I, \theta)+\mu^{2}H_{2}(I, \theta)+\ldots$





$\Phi_{\mu}(I, \theta)=\Phi_{0}(I, \theta)+\mu\Phi_{1}(I, \theta)+\mu^{2}\Phi_{2}(I, \theta)+\ldots$
3
$0=\{H_{\mu}, \Phi_{\mu}\}=\{H_{0}, \Phi_{0}\}+\mu(\{H_{0}, \Phi_{1}\}+\{H_{1},\Phi_{0}\})+\ldots$
$\{H_{0}, \Phi_{0}\}=0,$ $\{H_{0}, \Phi_{1}\}+\{H_{1}, \Phi_{0}\}=0,$ $\ldots$
$\Phi_{0}$ $I$ $\theta$ Fourier
$\Phi_{0}=\sum_{k}\varphi_{k}(I)e^{i\langle k,\theta\rangle}$
$\{H_{0}, \Phi_{0}\}=0$
$\sum_{k}\langle k, \frac{\partial H_{0}}{\partial I}\rangle\varphi_{k}(I)e^{i\langle k,\theta\rangle}=0$
$k$ $\langle k,$ $\underline{\partial}H\partial IA\rangle\varphi_{k}(I)=0$
$\langle k,$ $\frac{\partial}{\partial}HI\Delta\rangle=0$ $I$
$Hess(H_{0})k=0$
$Hess(H_{0})$ $k=0$ $k\neq 0$
$\varphi_{k}=0$ $\Phi_{0}=\varphi_{0}(I)$
$\Phi_{0}$ $H_{0}$ $H_{1},$ $\Phi_{1}$ Fourier
$H_{1}=$ $h_{k}(I)e^{i\langle k,\theta\rangle}$
$\Phi_{1}=\sum_{k}\varphi_{k}(I)e^{i\langle k,\theta\rangle}$
$\langle k, \frac{\partial H_{0}}{\partial I}\rangle\varphi_{k}(I)=\langle k, \frac{\partial\Phi_{0}}{\partial I}\rangle h_{k}(I)$
k( $k$ ) (I) $\langle k,$ $\frac{\partial H}{\partial I}n\rangle=0$ $I$
$0$ $k$ $\langle k,$ $\frac{\partial H_{O}}{\partial I}\rangle=0$ $I$






















$\Phi$ $H$ $H$ ( )
$\blacksquare 3$ Poincar\’e 3 $3$
3 $1-\mu,$ $\mu,$ $0$ 2 (
















Bruns, Poincare Kovalevski [12, 13] ([38, 8] )
Kovalevski
Ziglin [44, 45] , [39, 40] Morales-Ruiz,
Ramis [19, 20] Galois ([34, 21, 16, 24] )
[25,35,41,42,43,3]
( )
$H( p, q)=\frac{1}{2}\Vert p\Vert^{2}+U(q) ((p, q)\in \mathbb{R}^{n}\cross \mathbb{R}^{n})$
$U(\lambda q)=\lambda^{\beta}U(q) (q\in \mathbb{R}^{n}\backslash \{0\}, \lambda>0)$ .
$U$ $\nabla U(c)=c$ $c\in \mathbb{R}^{2}$ $U$ Darboux




$\{-\frac{1}{2}p(p-3)|p\in \mathbb{Z}\}=\{1,0, -2, -5, -9, \ldots\}.$
Darboux Morales-Ramis
3 ([15]).













$\beta(\in \mathbb{Z})$ 2 :
$H( p, q)=\frac{1}{2}\Vert p\Vert^{2}+U(q) ((p, q)\in \mathbb{R}^{2}\cross \mathbb{R}^{2})$
(4)
$U(\lambda q)=\lambda^{\beta}U(q) (q\in \mathbb{R}^{2}, \lambda>0)$ .
$V(\theta)=U(\cos\theta, \sin\theta)$
2 (Shibayama [31]). :
1. $\beta\neq-2,0$ ;
2. $V$ 3 : $\frac{\partial V}{\partial\theta}(\theta_{l})=0(l=-1,0,1)$ $\theta_{-1}<\theta_{0}<\theta_{1}$ ;
3. $[\theta_{-1}, \theta_{1}]$ $V(\theta)<0$ ;
4. $(\theta_{-1}, \theta_{0})\cup(\theta_{0}, \theta_{1})$ $\frac{\partial V}{\partial\theta}(\theta)\neq 0$ ;
5. $\frac{\partial^{2}V}{\partial\theta^{2}}(\theta_{\pm 1})<0$ ;
6. $- \frac{1}{8}(\beta+2)^{2}V(\theta_{0})<\frac{\partial^{2}V}{\partial\theta^{2}}(\theta_{0})$ .
(4) $H$
1. $\beta=-2$
$G(p, q)=(q\cdot p)^{2}-2\Vert q\Vert^{2}H(p, q)$
7
1 $V(\theta)$
2. $[\theta_{-1}, \theta_{1}]$ $V(\theta)>0$ $t$
$\sqrt{-1}t$ $V$ $-V$
4.2 McGehee
McGehee $[17|$ 3 3
McGehee 3
(4)
$\beta<0$ $(r, \theta, v, w)$
$q=r(\cos\theta, \sin\theta), p=r^{\beta/2}(v(\cos\theta, \sin\theta)+w(-\sin\theta, \cos e))$
$t$ $=r^{1-\beta/2}d\tau$ $\tau$ $(r, \theta, v, w)\mapsto$









$H=r^{\beta}( \frac{v^{2}+w^{2}}{2}+V(\theta))$ . (9)




$r$ $0$ $(\theta, v, w)$ $\mathcal{M}$ $n$ $\mathcal{M}$
$\beta>0$ $R=r^{-1}$ (5)
$\dot{R}=-Rv$ (10)
$H=R^{-\beta}( \frac{v^{2}+w^{2}}{2}+V(\theta))$ . (11)
$R=0$ $0$ $Rarrow 0$
$\mathcal{M}$
$\beta$ (6), (7), (8)
$\mathcal{M}$ $\beta\neq-2$ $\mathcal{M}$




$\frac{\partial V}{\partial\theta}(\theta_{c})$ $=0$ $(\theta, v, w)$ $=$
$(\theta_{c}, \pm\sqrt{2V(\theta_{c})}, 0)$ (6), (7), (8) (6), (7), (8) $(\theta, v, w)=(\theta_{c}, \pm\sqrt{2V(\theta_{c})}, 0)$
$\frac{d}{d\tau}(\begin{array}{l}\delta\theta\delta v\delta w\end{array})= (\frac{\partial^{2}V}{\partial\theta^{2}}(\theta_{c})00 \mp\beta\sqrt{2V(\theta_{c})}00 \mp(\frac{\beta}{2}+1)^{0}\sqrt{2V(\theta_{c})}1)(\begin{array}{l}\delta\theta\delta v\delta w\end{array})$








$(p(t), q(t))$ $(c^{\beta}p(c^{\beta-2}t), c^{2}q(c^{\beta-2}t))$ $c>0$
$\Phi(c^{\beta}p, c^{2}q)$
$c$ Laurent :
$\Phi(c^{\beta}p, c^{2}q)=\sum_{k\in \mathbb{Z}}c^{k}f_{k}(p, q)$ . (12)
9
(12) $c\ovalbox{\tt\small REJECT}$ $bc$
$\Phi(b^{\beta}c^{\beta}p, b^{2}c^{2}q)=\sum_{k\in \mathbb{Z}}b^{k}c^{k}f_{k}(p, q)$
(12) $c\}$ $b,$ $p$ $q$ $c^{\beta}p$ $c^{2}q$
$\Phi(b^{\beta}c^{\beta}p, b^{2}c^{2}q)=\sum_{k\in \mathbb{Z}}b^{k}f_{k}(c^{\beta}p, c^{2}q)$
$c>0$
$\sum_{k\in \mathbb{Z}}b^{k}f_{k}(c^{\beta}p, c^{2}q)=\sum_{k\in \mathbb{Z}}b^{k}c^{k}f_{k}(p, q)$
$f_{k}(c^{\beta}p, c^{2}q)=c^{k}f_{k}(p, q)$
$c>0$




$\Phi(c^{\beta}p, c^{2}q)=c^{\rho}\Phi(p, q)$ (13)
$\Psi$ $\Phi$ McGehee
$\Psi(r, \theta, v, w)=\Phi(r^{-\beta/2}(v\cos\theta-w\sin\theta), r^{-\beta/2}(v\sin\theta+w\cos\theta), r\cos\theta, r\sin\theta)$
McGehee $(r, \theta, v, w)\mapsto(p, q)$ $\Phi$ $\Psi$
(13) $\Psi$
$\Psi(r, \theta, v, w)=r^{\rho/2}\Psi(1, \theta, v, w)$
$D_{l}^{\pm}=(\theta_{l}, \pm\sqrt{-2V(\theta_{l})}, 0) (l=-1,0,1)$
$z= \frac{v^{2}+w^{2}}{2}+V(\theta)$
10
$D_{l}^{-}$ $(\theta, z, w)$ $D_{\iota}^{-}$
$\mathcal{M}$ $z=0$
$H=r^{\beta}z$
$g(\theta, z, w)=\Psi(1, \theta, -\sqrt{2z-w^{2}-2V(\theta)}, w)$
$g$ $z=0$ $z$ Laurent
$\Phi(r, \theta, -\sqrt{2z-w^{2}-2V(\theta)}, w)=r^{\rho/2}\sum_{k=\nu}^{\infty}\gamma_{k}(\theta, w)z^{k}$
$\nu$ $\gamma_{\nu}(\theta, w)$ $0$ $h\neq 0$





$\beta=-1$ $z$ $v$ $\overline{2}\beta L$
2 $B$ $N_{\epsilon}$
11
$\blacksquare v^{L}-_{\overline{2}\beta}<0$ $P\in W^{s}(D_{0}^{-})\backslash \mathcal{M}$ Let $a=\Psi(P)$ $P$
$B$ $=\{Q\in \mathbb{R}^{3}||P-Q|<\epsilon\}$ $(0<\epsilon\ll 1)$
$Q\in B_{\epsilon}$
$a-1\leq\Psi(Q)\leq a+1$ (14)
$\varphi_{\tau}(\theta, z, w)$ (flow)
(14)
$N_{\epsilon}=\{\varphi_{\tau}(Q)|\tau\geq 0, Q\in B_{\epsilon}\}.$
(14) $N_{\epsilon}$ $N_{\epsilon}$ $N_{\epsilon}$ $W^{u}(D_{0}^{-})$
$W^{u}(D_{0}^{-})$ $\mathcal{M}$ $z$ $Q$ $\mathcal{M}$ $0$
$\gamma_{\mu}$





$Q\in W^{s}(D_{1}^{-})\backslash \mathcal{M}$ $Q$ $c$
$\Psi(\varphi_{\tau}(Q))=c$
$\tau$ $\tau$ $+\infty$ $z$ $0$ $c$
$0$ $g(Q)$ $Q\in W^{8}(D_{1}^{-})\backslash \mathcal{M}$ $0$ $W^{s}(D_{1}^{-})\backslash \mathcal{M}$




6 $D_{0}^{-}$ $\mathcal{M}$ $\mathcal{M}$
12
$W^{u}(D_{1}^{-})\cap \mathcal{M}$ $D_{0}^{-}$ $g$
$0$ $\gamma_{\nu}(\theta, w)\equiv 0$ $v-L>0$
$\blacksquare v-L$
$\gamma_{\nu}$ $W^{S}(D_{1}^{-})$ $c$ $\Phi-c$ $z=0$









2 $m$ $y$ $\alpha m$







$H( p, q)=\frac{1}{2}(p_{1}^{2}+p_{2}^{2})-\frac{1}{4}(q_{1}^{4}+q_{2}^{4})-\frac{\epsilon}{2}q_{1}^{2}q_{2}^{2}$ , (15)
[39,42,43]
2
4. $\epsilon<-\frac{1}{8}$ $\epsilon>\frac{25}{7}$ (15)
4.5 Moraies-Ramis
Morales-Ramis






( ). 2 $\beta=2$
$\blacksquare$ Morales-Ramis
2






$- \frac{1}{8}(\beta+2)^{2}\leq(\lambda-1)\beta$ . (16)
14
$\beta$ 2 (16) Morales-Ramis
Morales-Ramis $\beta=-1$ Moreles-Raims
$\{-\frac{1}{2}p(p-3)|p\in \mathbb{Z}\}=\{1,0, -2, -5, -9, \ldots\}.$
2 2-5 9/8
3 Morales-Ramis $\alpha$
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